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Abstract. In the framework of the Glauber multiple-scattering theory, the elastic collisions of proton-
proton (pp) at the center-of-mass energies

√
s = 23.5, 30.7, 44.7, and 52.8 GeV and alpha-proton (αp) at√

s = 88 and 89 GeV are analyzed by considering the quark structure of their constituents. The differential
cross-section containing the full multiple-scattering series between their quarks is calculated using Gaussian
forms for the quark density and quark-quark (QQ) scattering amplitudes. The results obtained from the
quark model and the conventional nucleon model are compared with the experimental data. The comparison
shows that the nucleon model reproduces the experimental data more satisfactorily than the quark model,
and both approaches have limited success in describing the data at such energies. The agreement with the
experimental data is improved by the inclusion of the phase variation.

PACS. 25.40.Cm Elastic proton scattering – 25.45.De Elastic and inelastic scattering – 25.60.Bx Elastic
scattering – 24.85.+p Quarks, gluons, and QCD in nuclei and nuclear processes

1 Introduction

Over many years, the scattering of high-energy composite
particles has been a powerful tool for probing the structure
of their constituents and studying the scattering mecha-
nisms. Experiments of such interactions have shown that
the differential cross-sections exhibit the effects to various
degrees of multiple scattering depending on the incident
energy and the mass number of the interacting composite
systems [1]. In particular, the diffraction pattern appears
at small scattering angles (small momentum transfers (q)),
while at large angles the cross-section values decay many
orders of magnitude smaller than those in the forward
direction [2–4]. However, accumulation of data with such
details is useful to test and improve the theoretical models
concerned. The multiple-scattering theory of Glauber [5]
is one of the suitable approaches to describe such colli-
sions. The theory is based on high-energy approximation,
in which the interacting particles are almost frozen in their
instantaneous positions during the passage of the projec-
tile through the target. With this approximation, the scat-
tering amplitudes of the composite particles are simply
expressed in terms of a multiple-scattering series based on
the free two-particle collision. As a matter of fact, these
calculations have shown disagreements with the experi-
mental data even at forward angles [6] and/or unphysical
divergence at large momentum transfers [7–9]. These ear-
lier calculations have been utilized with further approx-
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imations. In particular, the multiple-scattering series is
truncated to low orders of scattering and the effect of the
center-of-mass correlation is treated as a global correc-
tion multiplied by the scattering amplitude. The calcula-
tions [7–9] up to the fourth order of the multiple-scattering
series are shown to be necessary to enhance the predictions
at large angles [8].

Also, the large q-divergence is removed by incorpo-
rating the center-of-mass correlations in the phase shift
function in each order of the scattering term [7,9]. The
full Glauber multiple-scattering series calculation is com-
putationally difficult for collision of two composite sys-
tems of mass numbers A,B > 4 [10]. In fact, the series
describing these collisions contains numerous (2A×B − 1)
terms so that its complete summation is extensive. Fur-
ther, the model calculations involve multidimensional in-
tegrals, which are cumbersome to be evaluated, even if
one uses simple Gaussian forms for the nuclear densities
and nucleon-nucleon (NN) scattering amplitudes. Using
the theory of permutation group, Yin et al. [11] have intro-
duced a method to classify the multiple-scattering terms
into sets; each set contains the terms of equal contribu-
tion to the scattering amplitude. As a result, these terms
of equal contribution are represented by one typical term,
named “orbit”, and their number is referred to as the
length of the corresponding orbit. The Gaussian forms for
the nuclear densities and NN scattering amplitudes trans-
form the multiple integral of each orbit into simple alge-
braic recurrence formulas. However, it has been proven
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that the classification method is practically useful only
for calculating the full Glauber series of the multiple scat-
tering between two composite systems of mass numbers
6 4 [12–14]. Recently, El-Gogary et al. have used the
cluster approach [15] to extend the application of Yin’s
method to classify the multiple-scattering terms of heav-
ier systems [16,17] and treated the center-of-mass corre-
lations of such systems in a consistent manner [18]. The
formulas developed in such attempts are practical approx-
imations to the exact Glauber series calculation, but their
applications show unsatisfactory descriptions for elastic
collisions at medium energies. However, such disagreement
was attributed to the inaccuracy of the NN parameters
used at medium energies, and the simple Gaussian ap-
proximation for the NN amplitude, which is usually taken
at high energies.

The aim of the present work is to test the reliability
of these formulas for the scattering between two compos-
ite systems at higher energies, where the input NN data
are available with sufficient accuracy [19–22]. For this pur-
pose, many investigations have shown that the precise de-
scription of the composite scattering at high energy re-
quires the consideration of quarks as substructure units
inside the participating nucleons [23–26]. The Glauber
model calculations [23] incorporating such role, have been
carried out to investigate the proton-proton, proton-alpha
and alpha-alpha elastic scattering at very high energies.
The author in this attempt has truncated the multiple
scattering between quarks up to the fifth order and pa-
rameterized the quark-quark (QQ) scattering amplitudes
and the quark density with Gaussian forms. As an exten-
sion, we shall adopt the analysis developed by El-Gogary
et al. in ref. [18] to obtain the quark model calculations for
the composite scattering. The resulting formulas are given
in sect. 2. The influence of a global momentum-dependent
phase in the elemental scattering amplitudes is involved in
this analysis. The results of the differential cross-sections
of the proton-proton and proton-alpha interactions using
this study and the discussion of the results are given in
sect. 3. Concluding remarks are given is sect. 4. The or-
bits, lengths and the matrices required for the calculations
are exhibited in the appendix.

2 Theory

In this section, the full Glauber series analysis of the elas-
tic scattering between two composite systems having a
cluster structure is presented. Each nucleon of the com-
posite systems is taken as a cluster of three quarks. The
Glauber theory is based on the eikonal and adiabatic ap-
proximations. In this theory, the elastic-scattering ampli-
tude between two composite systems of mass numbers A
and B may be written as [9]

FAB (~q ) =
ik

2π
Θ (~q )

∫

d~b exp
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i~q ·~b
){
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)]}
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where ~q is the momentum transferred from the projectile

A to the target B, ~k is the incident momentum of the pro-

jectile, and ~b is the impact parameter vector. Θ (~q ) is the
global correction arising from the effect of the center-of-

mass correlations [9]. χ̄AB

(
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)

stands for the nuclear phase

shift function containing such correction consistently (the
center-of-mass correlations are treated with the same or-
der as the phase shift expansion) and it is related to the
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by [7,9]
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Using the additivity assumption in the Glauber approx-
imation [8], the total phase shift function χAB resulting
from the interaction between the constituent particles can
be related to the elemental phase shifts, χij as,
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where, ΨA ({~ri}) , (ΨB
({

~r ′j
})

) is the ground-state wave

function of the projectile (target) system, ~si (~s ′j) is the

projection of the relative position vector ~ri (~r
′

j) of the i-th
projectile (j-th target) particle (nucleon) on the impact
parameter plane. The definition of the profile function is
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= 1− exp
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iχAB
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) ]

,

the nuclear phase shift operator takes the form,

exp
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, (6)

where Γij

(

~b+ ~si − ~s ′j
)

represents the profile function of

the two-nucleon scattering. Expanding the products in
eq. (6) gives the Glauber series representing the multi-
ple scattering between the constituents of the interacting
composite system. The number of terms contained in the
series is

(

2A×B − 1
)

; each term represents the multiple
scattering with specific order. For practical calculations,
let us follow the approach employed in ref. [18]. In this
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approach the cluster structure of the colliding systems is
considered. Suppose there are MA clusters (nucleons) in
system A and MB clusters (nucleons) in system B, and
there are MN particles (quarks) in each cluster (MN is a
common divisor of A and B). Under this treatment, eq. (6)
is re-expressed as

exp
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where Γij represents the profile function of scattering be-
tween the i-th cluster in projectile A and j-th cluster in
target B, while Γiα,jδ is that between the α-th particle of
the i-th cluster in A and the δ-th particle of j-th cluster
in B.

Adopting the method of Yin et al. [11], we can classify
the multiple-scattering terms of eq. (7) into sets; each one
contains the terms of equal contribution to the scattering
amplitude. All terms in each set are represented by one
typical term, referred to as an orbit, and the number of
terms in this set is referred to as the length of that orbit.
Having utilized this classification, the nuclear phase shift
takes the form
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where M1 = MA ×MB , M2 = MN ×MN , and the in-
dices (V, λV ) characterize an orbit with order of scattering
V and serial index λV . Each orbit (V1, λV1

) for clusters
((V2, λV2

) for particles in the clusters) is represented by
a MA ×MB (MN ×MN )-dimensional matrix, each of its
elements ∆ij (V1, λV1

) (∆iα,jδ (V2, λV2
)) takes either the

value one, if Γij (Γiα,jδ) appears in the expansion term or
zero if it is absent.

T1 (V1, λV1
) (T2 (V2, λV2

)) is the length of the orbit
(V1, λV1

) ((V2, λV2
)) which is determined by using the

properties of the permutation group, G1 = SMA
⊗ SMB

(G2 = SMN
⊗ SMN

).
The scattering amplitude fiα,jδ (~q ) is related to the

profile function Γiα,jδ

(

~b
)

by

Γiα,jδ

(

~b
)

=
1

2π ikN

∫

d~q exp
(

−~q ·~b
)

fiα,jδ (~q ) . (10)

Assuming, for simplicity, that all the two-particle am-
plitudes are identical, (which is approximately true at high
energies) and neglecting any spin effects, fiα,jδ (~q ) can be
parameterized by [12,13,27,28],

fiα,jδ (~q ) =
kNσ

4π
(i+ ε) exp

(

−µ q2/2
)

, (11)

where kN is the momentum of the incident particle, σ is
the particle-particle total cross-section, and ε is the ratio
of the real to the imaginary parts of the forward-scattering
amplitude. µ is taken to be complex = β2+ iγ2 , where β2

is the slope parameter of the elastic-scattering differential
cross-section, and γ2 is a free parameter introducing a
phase variation of the elemental scattering amplitude.

Inserting eq. (11) into eq. (10) and performing the in-
tegration yields
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Substituting eq. (12) into eq. (9) we get

exp
(

iχAB

(

~b, {~siα},
{

~s ′jδ
}

))

= 1 +

M1
∑

V1=1

∑

λV1

T1 (V1, λV1
)

×
MA
∏

i=1

MB
∏

j=1

{

M2
∑

V2=1

∑

λV2

T2 (V2, λV2
) (−g)V2 exp

[

− 1

2µ

×
MN
∑

α=1

MN
∑

δ=1

(

~b+ ~siα − ~s ′jδ
)2

∆iα,jδ (V2, λV2
)

]}∆ij(V1,λV1
)

,

(13)

where V2 =
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∑
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Now we need to describe the wave function of the sys-
tem to perform the integration of eq. (5). Consider the ap-
proximation in which the particles inside any cluster and
the clusters themselves inside the system are completely
uncorrelated. Then, we can write
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where ρA (~riα) and ρB
(

~r ′jδ
)

are the normalized
single-particle density functions and are chosen to be the
single-Gaussian form,
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able in Glauber approximation, the integration of the nu-
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This equation can be rewritten as
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The multiple integral in eq. (20) can be solved recursively
yielding the result
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Fig. 1. Full Grauber series calculation of the elastic differ-
ential cross-section for pp collision at center-of-mass energy
23.5 GeV, with no phase variation for the QQ and NN models
compared to the experimental data, ref. [19].
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The details of the integration method are illustrated
in ref. [15], according to which, we get
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Fig. 2. As in fig. 1 but for the center-of-mass energy 30.7 GeV.

Incorporation of the center-of-mass correlation in the
phase shift function is performed in the following way:
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Table 1. The parameters of the QQ and NN scattering amplitudes are taken from the references stated in the table.

√
s σ (fm2) ε β2 (fm2) Ref. No.

(GeV)

σQQ σNN εQQ εNN β2
QQ β2

NN QQ NN

23.5 0.535 3.894 0.11 0.02 0.07383 0.4595 [13] [19]

30.7 0.5352 4.014 0.045 0.037 0.083 0.47505 [23] [22]

44.7 0.5555 4.179 0.075 0.062 0.105 0.4984 [23] [19]

52.8 0.5555 4.267 0.075 0.078 0.105 0.501 [23] [19]
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Fig. 3. As in fig. 1 but for the center-of-mass energy 44.7 GeV.

Inserting the expression of Z and the factor of the
center-of-mass correction [10],

Θ (~q ) = exp

[

q2

4

(

1

Aη2
A

+
1

Bη2
B

)]

into eq. (2) leads, for Z̄, to

Z̄ = CA CB

M2
∑

V2=1

∑

λV2

T2 (V2, λV2
) (−g) V2

×R̄ (V2, λV2
,∆iα,jδ (V2, λV2

) )

× exp
[

−S̄ (V2, λV2
, ∆iα,jδ (V2, λV2

) ) b2
]

(30)

with

S̄ =

[

1

S
− 1

Aη2
A

− 1

Bη2
B

](−1)

and R̄ =
R× S̄

S
.
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Fig. 4. As in fig. 1 but for the center-of-mass energy 52.8 GeV.

Using eqs. (29), (30), the scattering amplitude can be
obtained by performing the integration in eq. (2). The
integration is, in general, obtained numerically but if no
clustering is used, i.e. MA = A, MB = B and MN = 1, it
gives the following analytical result:

FAB( q ) = 1 + cA cB

{

M1
∑

V1=1

∑

λV1

T1 (V1, λV1
) (−g) V1

× R̄ (V1, λV1
,∆ij (V1, λV1

) )

2 S̄ (V1, λV1
, ∆ij (V1, λV1

) )

× exp

[

−
q2

4 S̄ (V1, λV1
, ∆ij (V1, λV1

) )

]}

,

(31)
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Fig. 5. Full Grauber series calculation of the elastic differen-
tial cross-section for αp collision at center-of-mass energy 88,
89 GeV, with no phase variation for the QQ and NN models
compared to the experimental data, ref. [20].

where V1 =
MA
∑

i=1

MB
∑

j=1

∆ij (V1, λV1
).

The angular distribution of the elastic scattering is
then given by,

dσ (~q )

dΩ
= |FAB (~q ) |2. (32)

3 Results and discussion

The composite-composite elastic collision is derived by
considering the full Glauber series of the multiple scat-
tering between their constituent nucleons as clusters of
three quarks. The analytic formula for the nuclear phase
shift function is developed using Gaussian parameteriza-
tion for the QQ scattering amplitudes and the quark densi-
ties. The quark model application has been started by cal-
culating the differential cross-section of the pp collisions,
at very high energies, namely at center-of-mass energies√
s = 23.5, 30.7, 44.7 and 52.8 GeV. The calculations are

extended to αp collision at
√
s = 88 and 89 GeV. For com-

parison, the results of the conventional nucleon model are
also calculated. The ingredients needed to perform these
calculations are the parameters associated with the QQ

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
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103

 2 =  0

 2 = 20

 Exp.

Fig. 6. As in fig. 1 but for the QQ model only with phase
parameter γ2 = 20 compared to that with γ2 = 0.

and the NN scattering amplitudes σ, ε and β2 (cf. eq. (11))
and the quark/nucleon densities ηA, ηB , cf. eq. (15). The
QQ and NN parameters used here are listed in table 1 with
the corresponding references from which they are taken.
Those parameters are obtained by fitting the NN data at
the corresponding energies.

The values of the ην parameters, corrected for the ef-
fects of the finite proton size and the c.m. recoil, are given
by

η2
ν =

3

2

(

(1− 1/ ν)

〈r2ν〉 −
〈

r2p
〉

)

, ν = A,B,

where
〈

r2ν
〉

and
〈

r2p
〉

are the mean square radii of the nu-
cleus and the proton, respectively and their values are
taken from ref. [22].

The numbers (MA, MB , MN ), determining the cluster
structure assumed in each system, are taken as follows:
For the pp case, the quark configuration is considered by
takingMA =MB = 1, andMN = 3, while for the nucleon
configuration MA = MB = MN = 1. For the αp case,
the numbers for the quark configuration are MA = 4,
MB = 1 and MN = 3, while for the nucleon configuration
they are MA = 4, MB = 1 and MN = 1. The orbits,
lengths and ∆-matrices of the groups G1 = SMA

⊗ SMB

and G2 = SMN
⊗ SMN

for the corresponding structures
are exhibited in the appendix.
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Fig. 7. As in fig. 6 but for the center-of-mass energy 30.7 GeV.

Figures 1, 2, 3, 4 show the differential cross-sections
for the pp elastic scattering at

√
s = 23.5, 30.7, 44.7

and 52.8 GeV, respectively. In these figures, the pp cross-
sections obtained from the quark and nucleon structure
calculations, with no phase variation (cf. eq. (11) and be-
low), i.e. the parameter γ2 = 0, are compared with the
experimental data. We can see that the nucleon model
results fit the experimental data better than the quark
model calculations. The calculations obtained from the
two models are nearly identical, and in good agreement
with the scattering data over the range of momentum
transfer 0.0 < −t < 0.2 (GeV/c)2. Beyond the value
0.2 (GeV/c)2, the results obtained from the two models
differ significantly, and show an advantage for the nucleon
model over the quark one, and both are in disagreement
with the experimental data. Also, the range of agreement
with the experimental data decreases as the center-of-mass
energy of the pp scattering increases.

The elastic differential cross-section for αp scattering
at
√
s = 89 and 88 GeV are shown in fig. 5, it displays

the same trend as in the pp case. The results of the QQ
and NN with no phase variation are almost identical, and
fairly agree with the experimental data over the range
of momentum transfer 0.05 < −t < 0.3 (GeV/c)2. For
−t > 0.3 (GeV/c)2, the nucleon model results show closer
values to the experimental data than the quark model over
the range 0.3 < −t 6 0.7 (GeV/c)2.
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Fig. 8. As in fig. 6 but for the center-of-mass energy 44.7 GeV.

However, the present analysis has shown a better over-
all description for the elastic scattering between two com-
posite systems at high energy than that found at medium
energy [17,18] and improves slightly the previous QQ de-
scription considered in ref. [23].

Several authors [3,4,12,13], have obtained better fits
by introducing a phase variation in the QQ and NN scat-
tering amplitudes. To investigate the influence of such
phase variation on the present calculations, the results
of the differential cross-section at various nonzero val-
ues of the parameter γ2, are calculated. The best fits are
compared with the free phase calculations as shown in
figs. 6-11.

Figures 6-9 show the phase variation effect in the pp
elastic scattering via the quark structure at

√
s = 23.5,

30.7, 44.7, 52.8 GeV, respectively. It is clear that the
phase variation improves, in general, the agreement with
the data, especially at large momentum transfer (−t >
0.3 (GeV/c)2). We have found that the best agreement
at these energies is obtained with almost the same value
of γ2 = 20 (GeV/c)2, which is close to that reported in
ref. [13]. This reflects that the energy dependence of γ2 is
weak in this energy range.

Figures 10, 11 show the phase variation effect in αp
elastic-scattering cross-section at

√
s = 88 and 89 GeV

via quark structure and nucleon structure, respectively.
As can be seen from these figures, the results obtained
have similar improvements as in the case of pp collision.
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Fig. 9. As in fig. 6 but for the center-of-mass energy 52.8 GeV.

The calculation with value γ2 = 10 (GeV/c)2 gives the
best agreement with the scattering data for both models.

The phase variation has different effects on different
momentum transfers, center-of-mass energies and collid-
ing systems. In general, the elastic cross-section increases
as γ2 increased especially at large momentum transfer.

Although the introduction of phase variation has im-
proved the overall agreement with experimental data,
some disagreements still prevail at high momentum trans-
fer.

The remaining disagreement may be due to the follow-
ing:
i) The underestimation of the quark model prediction
cross-section compared to that of the nucleon mode, at
large values of momentum transfer, may be attributed to
the large number of quark scattering centers, which may
imply strong destructive interference.
ii) The simple Gaussian forms for the nuclear density and
scattering amplitude do not account properly for the de-
tails of the nuclear density and the scattering amplitude in
these interactions. Calculations with more realistic forms,
such as the harmonic oscillator, may give more satisfac-
tory agreement at large momentum transfer, although the
input parameters of two models are weakly dependent on
energy, as seen from table 1.
iii) The present analysis is performed for either the quark
or the nucleon model over the whole range of the im-
pact parameter, but one may argue that, different sec-
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Fig. 10. The effect of phase variation on the elastic differential
cross-section for αp collision via quark structure at center-of-
mass energy 88, 89 GeV. Data are taken from ref. [20].

tions of this range should be treated with different models.
M. Wei-hsing et al. [24,25] proposed a hybrid quark-
hadron (HQH) model, in which the interaction between
quarks is restricted to the range of impact parameter
b 6 0.7 fm, while the conventional NN interaction is con-
sidered in the exterior range b > 0.7 fm. They have ap-
plied their model to proton-alpha and alpha-alpha elas-
tic scatterings, and have shown an improvement in the
fitting with the experimental data for αp scattering at
−t > 0.3 (GeV/c)2 [24], and slightly better results for αα
elastic scattering [25] than the pure QQ model calcula-
tions [23]. This fair success of the HQH model encourages
further study of high-energy elastic scattering, but its gen-
eralization to more massive nuclei possesses mathematical
difficulties to the present work formulation which has to
be overcome.

4 Conclusion

The full Glauber multiple-scattering series theory is used
to analyze the elastic proton-proton and alpha-proton col-
lisions in the center-of-mass energy range 20–90 GeV.
Two models of interaction are used, one is based on the
nucleon-nucleon and the other on the quark-quark scat-
tering. Phase variation is introduced in the calculation to
evaluate its effect.
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Fig. 11. As in fig. 10 but for αp collision via nucleon structure.

One can summarize the findings of the present study
as follows:
i) The inclusion of the full Glauber series extends the ap-
plicability of the model at large momentum transfer, for
both quark and nucleon structures. For high momentum
transfer the nucleon model is better than the quark model.
ii) The agreement with the data for pp scattering for the
two models seems to be energy independent.
iii) As the phase variation constant increases the cross-
section increases, and it shows partial improvement for
γ2 = 10–20 fm2.
iv) The increasing disagreement for more massive partici-
pants (αp) encourages the study of more realistic forms of
the QQ/NN amplitude and nucleon density distributions.

Appendix A.

This appendix contains the tables of the orbits, lengths
and ∆-matrices employed in our calculations. We ob-
tained them by enumerating and investigating all the pos-
sible combinations of collisions according to their permu-
tation [22]. In the preset work, the elastic collisions, pp
and αp, have been studied under their quark and nu-
cleon structures. The orbits, lengths and ∆-matrices of
the groups G1 = SMA

⊗ SMB
and G2 = SMN

⊗ SMN
(de-

fined in sect. 2) corresponding to these reactions depend
on the assumed cluster configuration.

Table 2. Orbits, lengths and ∆-matrices for G = S4⊗S1. The
total number of orbits (including the orbits not shown) is equal
to 4.

V λV T (V, λV ) ∆(V, λV )

1 1 4 1000
2 1 6 1100

Table 3. Orbits, lengths and ∆-matrices for S3⊗S3. The total
number of orbits (including the orbits not shown) is equal to 25.

V λV T (V, λV ) ∆(V, λV )

1 1 9 1 0 0 0 0 0 0 0 0
2 1 18 1 1 0 0 0 0 0 0 0
2 2 18 1 0 0 0 1 0 0 0 0
3 1 6 1 1 1 0 0 0 0 0 0
3 2 36 1 1 0 0 0 1 0 0 0
3 3 36 1 1 0 1 0 0 0 0 0
3 4 6 1 0 0 0 1 0 0 0 1
4 1 36 1 1 1 1 0 0 0 0 0
4 2 36 1 1 0 1 0 1 0 0 0
4 3 9 1 1 0 1 1 0 0 0 0
4 4 36 1 1 0 1 0 0 0 0 1
4 5 9 0 1 1 1 0 0 1 0 0

For the pp case, the quark cluster configuration yields
MA = MB = 1 and MN = 3, while the configuration
in case of nucleon based structure gives MA = MB =
MN = 1. For the αp case, the quark cluster configuration
is to beMA= 4,MB = 1 andMN = 3, while the configura-
tion in case of nucleon takesMA= 4,MB = 1 andMN = 1.

For the sake of brevity, we give only the tables of the
nonsimilar groups (see tables 2 and 3).

In these tables, the first column represents the order of
multiple scattering V which ranges from 1 to m×n while
λV , in the second column, represents the serial index used
to number the orbits of order V . The third column repre-
sents the length of the orbit T (V, λV ). In the fourth col-
umn the (m×n)-digit binary numbers give the ∆-matrices
of the group G = Sm ⊗ Sn. The first n-digits are the ele-
ments ∆1i, i = 1, 2, . . . , n; the next n-digits are ∆2i, . . . ,
and the last n-digits are ∆mi. By symmetry, the orbits,
lengths and ∆-matrices for V ’s which are not shown in
our tables, could be easily deduced using the tables. This
is carried out by using the results for order V ′ = m×n−V
and interchanging the 0’s and 1’s of ∆(V ′, λV ′). The in-
dices λV and λV ′ are the same and the lengths T (V, λV )
and T (V ′, λV ′) are equal. The matrix ∆(m × n, 1) has
elements ∆ij equal to 1.
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